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Abstract
We present a discussion of radiative decays χcJ → γρ(ω, φ). The decay amplitudes are computed
within the QCD factorisation framework. NRQCD has been used in the heavy meson sector as
well as a collinear expansion in order to describe the overlap with light mesons in the final state.
The colour-singlet contributions to all helicity amplitudes have been computed using the light-cone
distribution amplitudes of twist-2 and twist-3. All obtained expressions are well defined at least
in the leading-order approximation. The colour-octet contributions have also been studied in the
Coulomb limit in order to exhibit their scaling behaviour. In order to understand the relevance of
the different contributions we perform numerical estimates using the colour-singlet contributions. For
the χc1 → γV⊥ decays, to vector mesons with transverse polarisation, we find that the colour-singlet
contribution potentially allows for a reliable description. On the other hand, for the χc1 → γV‖
decays, to vector mesons with longitudinal polarisation, our findings indicate that the colour-octet
mechanism may be important for a good description. We expect that more accurate measurements
of the decay χc2 → γV⊥,‖ can help to better understand the mechanism of radiative decays.
∗On leave of absence from St. Petersburg Nuclear Physics Institute, 188350, Gatchina, Russia
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1 Introduction
The radiative decays of P -wave charmonia χcJ have been measured by different experimental collabora-
tions: CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3, 4]. In these papers,
the authors use the pQCD formalism in combination with specific models for the light meson wave func-
tions, and the constituent quark masses have been used as infrared regulator in these calculations. The
obtained estimates for the χc1 → ρ(ω, φ)γ decay rates are few times smaller than the measured ones.
To resolve this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate
D−meson interactions.
In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this table it is seen that the largest branchings for all channels are provided by decay
χc1 → V γ. Moreover, in this case the decay rate is dominated by the longitudinal meson (V‖) in the
final state. The data presented in Refs. [1, 2] also allow one to study the contributions of the different
χc1 → V γ χc1 → V‖γ χc1 → V⊥γ χc0 → V γ χc2 → V γ
γρ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
γω 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
γφ 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8
Table 1: The branching fractions χcJ → V γ in units of 10−6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the different contributions for the χc1 decays we used the ratios f
V
⊥ = Γ[χc1 → V⊥γ]/Γ[χc1 → V γ] from
Ref. [2].
helicity amplitudes which can provide additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1(a) but for a transversely polarised
meson (V⊥) one has to consider the matrix element with the three particle wave functions as in Fig.1(b) and
Fig.1(c). The first diagram is of order α2s, the second is of order αs but suppressed by a factor ΛQCD/mc
because of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.
Figure 1: The various contributions to the decay amplitudes: (a) the leading-order contribution for the
longitudinal amplitude with V‖; (b) and (c) two different contributions for the transverse amplitude with
V⊥.
A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators; see, e.g., review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of χcJ . A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix
elements: either the photon is emitted from the light quark or from the heavy quark
〈V (p)|Jµem|χcJ〉 = 〈V (p)|
∑
u,d,s
eq q¯γ
µq|χcJ〉+ 〈V (p)|ec c¯γµc|χcJ〉 (1)
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If the dominant contribution to the decay amplitudes is provided by the light quark component of the
electromagnetic current in Eq.(1) then using SU(2) in the light quark sector one can establish the relations
between the branching fractions for different vector mesons in the final state. For instance, one easily
finds the relation Br [χc1 → ωγ]/Br [χc1 → ργ] ' 19 . This prediction can be easily understood if one
assumes that the decay amplitude is dominated by the hard two-gluon intermediate state as in Fig. 1a.
The same arguments must also be valid for the colour-octet contribution which originates from the light-
quark matrix element in Eq.(1). However, as one can see from the data in Table 1, the given ratio is
about a factor 3 larger than expected. This allows one to assume that the heavy quark matrix element in
Eq.(1) also gives contributions with a sizable numerical impact. However in the factorisation framework
the corresponding contribution with longitudinal mesons V can only be associated with the colour-octet
mechanism.
In order to better understand the relevance of the various contributions, in this work we compute
the helicity amplitudes within the standard QCD factorisation framework and study the possible colour-
octet contributions in the Coulomb limit. The factorisation approach is closely related with the effective
theories inspired by QCD: NRQCD [11–13] for the heavy quark sector and the soft-collinear effective
theory (SCET) [14–19] for the collinear sector associated with the light mesons in the final state. The
important advantage of this scheme is that it allows one to perform systematic expansions with respect to
the small relative velocity v and λ2 ∼ ΛQCD/mQ. Hence one can classify various operators with respect
to these parameters and this can guide us on the relevance of the different contributions.
The outline of this paper is as follows. In Sec. 2 we provide the basic notations and description of the
decay amplitudes and decay width. Then we compute the contributions of the colour-singlet operators
for different polarisations of the outgoing light meson. We show that the leading-order contributions
are factorizable and establish their scaling behaviour. This behaviour can be qualitatively compared
with the behaviour of the colour-octet contributions in the Coulomb limit. This allows us to make a
qualitative conclusion about the importance of the colour-octet matrix elements. In Sec. 3 we perform
numerical estimates of the branching fractions using only the colour-singlet approximations for the decay
amplitudes. This analysis allows us to make some more realistic conclusions about possible mechanism
of the radiative decays. The summary of our results is presented in Sec. 4. In Appendixes A and B we
provide a description of the different vector meson distribution amplitudes and present technical details
on the estimates of the colour-octet matrix elements in the Coulomb limit.
2 Colour-singlet contributions in the factorisation framework
2.1 Kinematics and amplitudes.
The amplitude of decay χcJ(P )→ γ(q) + V (p) is defined as
〈γ(q)V (p); out| in;χcJ(P )〉 = i(2pi)4δ(P − p− q) AχcJ→V γ , (2)
where
AχcJ→V γ = 〈V (p)| ∗γ · Jem(0) |χcJ(P )〉 , (3)
with electromagnetic current
Jµem(0) =
∑
q=u,d,s,c
eeq q¯(0)γ
µq(0), (4)
here ∗γ is the photon polarisation vector. In the following we use the frame where the heavy meson is at
rest and the z-axis is chosen along the momenta of the outgoing particles
P = MJ(1,~0) = MJω, (5)
where MJ is the mass of the heavy quarkonia and ω denotes its four-velocity. The outgoing momenta
read
q = Eγ(1, 0, 0, 1) = 2Eγ
n¯
2
, p = (
√
m2V + E
2
γ , 0, 0,−Eγ), Eγ =
M2J −m2V
2MJ
. (6)
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Using that the heavy quark mass is quite large m ΛQCD one finds
q ' m(1, 0, 0, 1) = 2mn¯
2
, p ' m(1, 0, 0,−1) = 2mn
2
, (7)
where we introduced auxiliary light-cone vectors n and n¯ with (nn¯) = 2. The four-velocity in Eq.(5)
reads
ω =
1
2
(n+ n¯) , ω2 = 1. (8)
Any four-vector Fµ can be expanded as
Fµ = (F · n) n¯
µ
2
+ (F · n¯) n
µ
2
+ Fµ⊥, (9)
where F⊥ denotes the components transverse to the lightlike vectors : (F⊥ · n) = (F⊥ · n¯) = 0. Similarly,
one can also write a decomposition
Fµ = (F · ω)ωµ + Fµ>, (10)
where F> denotes the component which is orthogonal to the velocity ω: (ω · F>) = 0.
The amplitudes defined in Eq.(3) can be parametrised as
Aχc0→V γ =
(
∗V · ∗γ
)
M0 A
⊥
0V , (11)
Aχc1→V γ = iε[χ, ∗γ , p, q] (∗V · ω)
mV
M21
A
‖
1V + iε[
∗
V , 
∗
γ , p, q] (χ · q)
1
M21
A⊥1V , (12)
Aχc2→V γ = αβχ qα
(
∗γ
)
β
(∗V · ω)
mV
M2
A
‖
2V + 
αβ
χ qαqβ
(
∗V · ∗γ
) 1
M2
A⊥2V
+ αβχ
{
(∗γ)
α(∗V )
β + (∗γ)
αqβ(∗V · q)
(pP )
(pq)2
− qαqβ
(
∗V · ∗γ
) 1
2E2γ
}
E2γ
M2
T⊥2V . (13)
where χ and 
∗
V denote polarisation vectors (or tensors in the case of χc2) of the initial and final
mesons, respectively. Furthermore, the amplitudes A
‖
iV and A
⊥
iV (T
⊥
2V ) correspond to the longitudinal
and transverse vector meson V , respectively. In Eq.(12) the following notation has been used
iε[∗V , 
∗
γ , p, q] ≡ iεα1α2α3α4(∗V )α1(∗γ)α2pα3qα4 . (14)
The definitions of the amplitudes in Eqs.(11)-(13) are chosen in such a way that they are dimensionless
and can be associated with the corresponding helicity amplitudes χcJ(λχ) → V (λV )γ(λγ). The simple
analysis allows one to establish the following correspondence
A⊥0V : χc0 → V (λV = ±1)γ(λγ = ±1), (15)
A⊥1V : χc1(λχ = 0)→ V (λV = ±1)γ(λγ = ±1), (16)
A
‖
1V : χc1(λχ = ±1)→ V (λV = 0)γ(λγ = ±1), (17)
A⊥2V : χc2(λχ = 0)→ V (λV = ±1)γ(λγ = ±1), (18)
A
‖
2V : χc2(λχ = ±1)→ V (λV = 0)γ(λγ = ±1), (19)
T⊥2V : χc2(λχ = ±2)→ V (λV = ∓1)γ(λγ = ±1). (20)
The expressions for the corresponding decay rates read
Γ[χc0 → V γ] =
Eγ
4pi
∣∣A⊥0V ∣∣2 . (21)
Γ[χc1 → V γ] =
1
12pi
E5γ
M41
{
|A‖1V |2 + |A⊥1V |2
}
. (22)
Γ[χc2 → V γ] =
1
40pi
E5γ
M42
(∣∣∣A‖2V ∣∣∣2 + 43 ∣∣A⊥2V ∣∣2 + 2 ∣∣T⊥2V ∣∣2
)
. (23)
4
Figure 2: The diagrams describing (a) the hard annihilation mechanism and (b) one-loop leading-order
contribution to the hard kernel T (x). Here we assume that the gluon lines are attached to the light quark
lines to the vertices with the same indices α and β.
2.2 The decay amplitudes with longitudinal light meson λV = 0
The QCD factorisation framework implies that the decay amplitude can be computed by expanding
with respect to the following small parameters: v the relative velocity of the heavy quarks and λ ∼√
Λ/m where Λ is the soft scale of order ΛQCD. The expansion with respect to v can be carried
out in the framework of NRQCD, while the expansion with respect to λ can be carried out within
the soft-collinear factorisation framework (SCET). The hard annihilation mechanism is described by
the appropriate partonic configuration in accordance with the symmetries of QCD. The corresponding
subprocess is associated with the particles with large momenta p2i ∼ m2  Λ2 and can be computed
systematically within perturbative QCD. The long distance contributions are associated with the matrix
elements of the operator defined in NRQCD and SCET. The relative order of such a configuration can
be estimated from the power counting defined within these effective theories.
In this case of the longitudinal meson V‖ the leading-order contribution is given by the diagrams in
Fig.2 . Two blobs in this figure correspond to the nonperturbative matrix elements associated with the
soft (NRQCD) and collinear (SCET) sectors of the effective theory. The factorised analytical expressions
for the corresponding amplitudes can be presented in the following form
iε[χ, 
∗
γ , p, q](
∗
V · ω)
mV
M21
A
‖
1V = i
〈O(3P1)〉 2(∗V · ω)√2fV mVQV ∫ 1
0
dx φV‖ (x)D1h(x), (24)
αβχ qα
(
∗γ
)
β
(∗V · ω) A‖2V = i
〈O(3P2)〉 2(∗V · ω)√2fV mVQV ∫ 1
0
dx φV‖ (x)D2h(x), (25)
where Dih(x) denote an expression for the hard subdiagrams. The function φ
V
‖ (x) denotes the vector
meson distribution amplitude (DA) which is defined by the collinear matrix element, variable x denotes
the collinear fraction of the quark and fV denotes the meson decay constant. A more detailed description
of these matrix elements and the properties of DAs can be found in Appendix A. The factor QV in
Eq.(24) denotes an appropriate combination of the quark charges
Qρ0 =
1
2
(eu − ed) = 1
2
, Qω =
1
2
(eu + ed) =
1
6
, Qφ = es = −1
3
. (26)
The NRQCD soft matrix elements are defined as
〈0| Oβ(3P1) |χc1(ω)〉 = βχ i
〈O(3P1)〉 , (27)
〈0| Oαβ(3P2) |χc2(ω)〉 = αβχ i
〈O(3P2)〉 , (28)
where we imply the following operators
Oβ(3P1) = 1
2
√
2
χ†ω
←→
D α>
(−i
2
)[
γα>, γ
β
>
]
γ5ψω, (29)
Oαβ(3P2) = χ†ω
(
− i
2
)←→
D
(α
> γ
β)
> ψω, (30)
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where (α, β) denotes the symmetrical traceless tensor. These operators are constructed from the quark
ψω and antiquark χ
†
ω four-component spinor fields satisfying /ωψω = ψω, /ωχω = −χω. The constants on
the rhs of Eqs.(27) and (28) are related to the value of the charmonium wave functions at the origin. To
leading order in v they read 〈O(3PJ)〉 '√2Nc√2MJ√ 3
4pi
R′21(0), (31)
where R′21(0) is the derivative of the quarkonium radial wave function.
With the given definitions of the nonperturbative matrix elements the analytical expressions for the
hard subdiagram Dih(x) in Eqs.(24) and (25) reads (Feynman gauge is implied)
Dih(x) = ieα
2
s
N2c − 1
4N2c
∫
d4k
(2pi)4
1
[k2]
[
(k − P )2
]
Tr
[
PµiQ
(
1
2m
{
γµ, DQ
}
+D′µQ
)]
Tr[PV Dq]. (32)
This expression is divided as the product of two gluon propagators and two traces associated with heavy
and light quark lines. The notations PµiQ and PV are used for projectors on the heavy and light meson
states
Pµ1Q =
√
2νχ
1
16
(1 + /ω) [γµ>, γ
ν
>] γ5, Pµ2Q =
1
8
µνχ (1 + /ω)γ
ν
> , PV =
1
8m
/p. (33)
The expressions for the functions of DˆQ and Dˆ
′µ
Q are generated by the heavy quark subdiagram, see
Fig.2 and read
DQ =
γβ(m/ω − /k +m)γα
[k2 − 2m(kω)] , (34)
D′µQ =
1
[k2 − 2m(kω)]
{
γβγµγα + 2kµ
γβ(m/ω − /k +m)γα
[k2 − 2m(kω)]
}
. (35)
The set of the light quark diagrams is given by the sum of the three subdiagrams as shown in Fig.2
Dq =
γα(/p1 + /k)γ
β(−q/− /p2)∗γ[
(k + p1)
2
]
[(p2 + q)2]
+
γβ(−/k − /p2 − q/)γα(−q/− /p2)∗γ[
(k + p2 + q)
2
]
[(p2 + q)2]
+
γα(/p1 + /k)
∗
γ(/p1 + q/+ /k)γ
β[
(xp+ k)
2
]
[(p1 + q + k)2]
+
γβ(−/k − /p2 − q/)∗γ(−/k − /p2)γα[
(k + p2 + q)
2
]
[(k + p2)2]
+
∗γ(/p1 + q/)γ
α(/p1 + q/+ /k)γ
β
[(p1 + q)2] [(p1 + q + k)2]
+
∗γ(/p1 + q/)γ
β(−/k − /p2)γα
[(p1 + q)2] [(k + p2)2]
, (36)
where we assume
p1 = xp, p2 = x¯p, (37)
and x¯ ≡ 1 − x. All propagators in the square brackets [. . .] imply the standard Feynman prescription
+iε.
The sum of the one-loop diagrams must be IR finite because this is the leading-order contribution.
Assuming that k is hard k ∼ m one can easily see that
Dh(x) ∼ α2s(µh)O(1), (38)
where we assume the scaling behaviour with respect to small dimensionless parameters v and λ. Therefore
the total scaling behaviour of such a contribution is associated with the scaling of the operators in the
effective theory,
Oβ(3P1) ∼ v4, q¯c /¯nqc ∼ λ4, (39)
where qc denotes the collinear quark field. Hence the leading-order contribution to the amplitudes A
‖
iV
can be estimated as
A
‖
iV ∼ α2s(µh)v4λ2, (40)
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where we take into account that the external collinear hadronic state gives a factor λ−2 due to the
normalisation.
The hard factorisation can be violated if there is an overlap with the ultrasoft region when one of the
gluons has ultrasoft momentum of order mv2. Such a contribution can be associated with the colour-octet
mechanism. Performing the expansion of the expression for Dq with respect to small k ∼ mv2 one finds
that potentially dangerous terms cancel:
Tr[PVDq]us ' 1
8m
2pαTr
[
/pγβ(−q/)∗γ
]
[2 (kp)] [2x¯(pq)]
+
1
8m
2pαTr
[
/p∗γq/γ
β
]
[2 (kp)] [2x(pq)]
+
1
8m
−2pαTr [/pγβ(−q/)∗γ]
[2x¯(pq)] [2(kp)]
+
1
8m
−2pαTr [/p∗γq/γβ]
[2 (pk)] [2x(pq)]
= 0. (41)
This cancellation is a consequence of the colour neutrality of the outgoing quark-antiquark pair. Similarly
one can see that the contribution from the region where P − k ∼ mv2 also vanishes. This allows us to
conclude that the colour-octet mechanism is suppressed by a power of v2 comparing to the contribution of
the hard region. Therefore the loop integrals in Eqs.(32) can only have IR divergencies in the individual
diagrams and these singularities must cancel in the sum of all diagrams.
Performing the necessary calculations we obtain
A
‖
1V = −i
〈O(3P1)〉 fVM21
m6
QV
√
4piαα2s(µh)
N2c − 1
2N2c
∫ 1
0
dx φ
‖
V (x)T1(x), (42)
A
‖
2V = −i
〈O(3P2)〉 fVM2
m5
QV
√
4piαα2s(µh)
N2c − 1
2Nc
1
2
√
2
∫ 1
0
dx φ
‖
V (x)T2(x), (43)
with the following hard kernels
Ti(x) = ReTi (x) + i ImTi(x), (44)
ReT1 (x) = −pi
2
12
1
x¯3
− x
4x¯3
ln2 2 +
(
− 1
x¯2
− 1
4x¯
− 3
4x
)
ln 2 +
(
− 3
4x¯
+
1
4x
− 1
2x− 1
)
ln x¯
+
x
x¯3
lnx ln x¯+
(
− 1
2x¯2
+
3
4x¯
− 1
4x
+
1
2x− 1
)
lnx− 3x
4x¯3
ln2 x− x
2x¯3
lnx ln 2
− 1
2
x
x¯3
(
Li
[
1− 1
2x
]
+ Li [1− 2x] + Li [1− x] + Li [−x¯/x]− Li [2x− 1]
)
+ (x→ x¯), (45)
ImT1 (x) =
pi
4xx¯3
(
x¯(1 + x(2x− 1)) + 2x2 ln[x])+ (x→ x¯), (46)
ReT2(x) = −
(
pi2
3
+ ln2 2
)
(1 + x¯)(1 + x)
2x¯4
+ ln 2
{
8
x¯3
− 10
x¯2
− 4
x¯x
+
8x¯
(2x− 1)2
}
+ ln 2 lnx
(1 + x)(2 + 3x)
x¯4
+ lnx
{
4
x¯3
− 3
x¯2
+
3
2x¯
− 1
2x
− 2
(2x− 1)2
}
+ ln2 x
(1 + x)(5x− 2)
2x¯4
+2 lnx ln x¯
(1 + x¯)(1 + x)
x¯4
− 2 ln x¯
{
1
x¯2
+
3
x¯
+
1
x
+
1
(2x− 1)2 +
1
2x− 1
}
− (1 + x¯)(1 + x)
x¯4
{
Li
[
1− 1
2x
]
+ Li [1− 2x] + Li
[
1− 1
x
]
+ Li [x¯] + Li [2x− 1]
}
+ (x→ x¯), (47)
ImT2 =
2pi
xx¯4
(
1− 5x+ 7x2 − 5x3 + 2x4 − x2(1 + x) lnx )+ (x→ x¯), (48)
where
Li [x] ≡ Li2 [x] = −
∫ x
0
dt
ln t¯
t
, (49)
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is the Spence function. These hard kernels have singular endpoint behaviour
ReTi (x)
x→1∼ ln x¯
x¯
, ImTi (x)
x→1∼ 1
x¯
(50)
but these singularities are compensated by the endpoint suppression of the DA φV‖ (x→ 1) ∼ x¯ therefore
the convolution integrals in Eqs.(42) and (43) are well defined. We also assume the hard scale µh ∼ m
in the argument of the QCD running coupling.
Above we obtained the well-defined formula for the longitudinal amplitudes. However these contribu-
tions at leading order are already suppressed by a small factor α2s(µh).
This could reduce the value of colour-singlet contribution in comparison with the colour-octet one
which potentially can be of order αs(µh). In the realistic case when mv
2 ∼ Λ the colour-octet ma-
trix element is nonperturbative; therefore its computation is difficult and can be done only within a
model-dependent framework. The other possibility is to perform the analysis of the leading colour-octet
correction in the Coulomb limit when mv2  Λ. In this case the scales v and λ are well separated v  λ,
and the charmonium state can be considered as a perturbative Coulomb state. Such a situation allows
one to establish the well-defined scaling behaviour with respect to the small parameters v and λ. The
details of our analysis can be found in Appendix B. We obtain the scaling behaviour[
A
‖
1V
]
oct
∼ αs(µh)αs(µus) v6λ2, (51)
where we introduced the ultrasoft scale µus ∼ mv2. Therefore the ratio of octet to singlet amplitudes in
the Coulomb limit behaves as
[
A
‖
1V
]
oct
/
[
A
‖
1V
]
sing
∼ αs(µus)v2/αs(µh).
For the real charmonium v ∼ λ and one can perform only the hard factorisation which gives the
power αs(µh) and a four-quark operator constructed from the heavy quark-antiquark fields (colour-octet
operator O8(3S1) in NRQCD, see Eq.(B.1) ) and hard-collinear fields, see Fig.3(a). One can assume
that the corresponding matrix element describes the soft overlap of the heavy and light mesons wave
functions. Because v ∼ λ we assume that ultrasoft fields in NRQCD and nonperturbative soft fields
in SCET with ks ∼ Λ coincide. In order to estimate the power behaviour of the colour-octet matrix
element we integrate over the hard-collinear modes in SCET, see Fig.3(b). The interactions of the soft
and hard-collinear fields in this case remain the same as in the Coulomb limit and can be described by
the same subleading interactions in SCET suppressed by a small scale λ (not v as in the Coulomb limit).
Therefore instead of powers of velocity v one obtains the same powers of λ, with the difference that we
now assume v ∼ λ. The colour-octet operator O8(3S1) overlaps with the χcJ states at order O(v) and
this is also the same as in the Coulomb limit. This allows us to conclude that the scaling behaviour of
the colour-octet matrix element can be obtained from Eq.(51) assuming that αs(µus) ∼ 1. i.e.[
A
‖
1V
]
oct
/
[
A
‖
1V
]
sing
∼ v2/αs(µh) ∼ λ2/αs(µh), (52)
For the charm quark the numerical values v2 ' 0.3 and αs(2m2c) = 0.29 and therefore numerically, the
relative size of these contributions is of order one. Hence we can conclude that in this case the colour-
octet contribution may potentially be important. If this is true then we must also observe this from the
numerical estimates when we take into account only the colour-singlet matrix elements. We will perform
such a numerical study in Sec. 3.
2.3 Decay amplitudes with transverse light meson.
For the final state with transverse meson one has to consider the twist-3 distribution amplitudes. There
are two different possibilities: the photon is emitted from the light quark or from the heavy quark lines.
Examples of the corresponding diagrams are shown in Fig.4. The contributions with the three gluon
DAs are possible only for the isosinglet mesons ω and φ. All these contributions are of order αs and the
corresponding hard kernels are described by tree diagrams. Their analytical expressions are quite lengthy
and we will not write them explicitly. The corresponding calculations are similar to the one described
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Figure 3: (a) The illustration of the hard factorisation which gives the colour-octet operator. The red
lines denote the hard propagators. The resulting operator has colour structure χ†ωT
aψω q¯hcT
aqhc. The
dashed lines denote the hard-collinear fields qhc. (b) The diagram which illustrates the formal factorisation
of the hard-collinear modes. The black square denotes the subleading SCET vertex. The corresponding
ultrasoft gluon is absorbed into the NRQCD matrix element with a colour-octet operator.
Figure 4: The leading order diagrams which provide contribution to the amplitude A⊥V .
above and yield the following expressions
A⊥0V = i
〈O(3P0)〉 fVmV
M0m4
√
4piα
piαs
Nc
∫
Dαi
{
QV√
6
(2 + α3)
α1α2α23
(
α1 − α2
1− α3 V (αi) +A(αi)
)
+ δI0 eQ2
√
6
G(αi)
α1α2α3
2 + α1
α1(1− α1)
}
, (53)
A⊥1V = i
〈O(3P1)〉 fVmV
m5
M21
m2
√
4piα
piαs
Nc
∫
Dαi
{
δI0 9eQ
G(αi)
α1α2α23
−QV
4
(
α1 − α2
α1α2α23
V (αi) +
1− α3
α1α2α23
A(αi)
)}
, (54)
A⊥2V = i
〈O(3P2)〉 fVmV
m5
M2
m
√
4piα
piαs
Nc
∫
Dαi
{
−δI03
√
2eQ
G(αi)
α1α2α23
− QV
4
√
2
(
α1 − α2
α1α2α23
V (αi) +
1− α3
α1α2α23
A(αi)
)}
, (55)
T⊥2V = i
〈O(3P2)〉 fVmV
Eγm4
M2
Eγ
√
4piα
piαs
Nc
∫
Dαi
{
−δI03
√
2eQ
G(αi)
α1α2α23
1
1− α3
+
QV
2
√
2
1
α1α2α23
(
α2 − α1
1− α3 V (αi) +A(αi)
)}
. (56)
In these formulas it is implied that eQ is the electric charge of the heavy quark, the symbol δI0 specifies
the contribution which exists only for the meson states with isospin I = 0. We also used the shorthand
notation for the collinear integrals∫
Dαi f(αi) =
∫ 1
0
dα1
∫ 1
0
dα2
∫ 1
0
dα3 δ(1− α1 − α2 − α3) f(α1, α2, α3), (57)
The matrix element for the scalar charmonia reads
〈0| −1√
3
χ†ω
(−i
2
)←→
D α>γ
α
>ψω |χc0〉 = i
〈O(3P0)〉 . (58)
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where the constant
〈O(3P0)〉 is given by expression in Eq.(31).
In order to describe the overlap with the transverse light mesons we need three-particle twist-3 DAs
V (αi), A(αi) andG(αi). A detailed description of these nonperturbative functions is given in Appendix A.
The properties of these functions allow one to conclude that the convolution integrals in Eqs.(53)-(56)
are well defined.
The NRQCD matrix element in Eqs. (53)-(56) is of order v4, the twist-3 operators in the collinear
sector are of order λ6. Therefore one finds
A⊥iV ∼ T⊥iV ∼ αs(µh)v4λ4. (59)
Hence these amplitudes are suppressed by a factor λ2 and enhanced by αs compared to the longitudinal
ones.
An appropriate contribution from the colour-octet operator is considered in Appendix B. We obtain
that in the Coulomb limit the contribution from the colour-octet matrix element behaves as[
A⊥1V
]
oct
∼ αs(µh)αs(µus)λ4v4. (60)
Hence following the same arguments as in the previous subsection and extrapolating this result to the
real charmonium with v ∼ λ we expect that this contribution is of the same order as the singlet one[
A⊥1V
]
oct
/
[
A⊥1V
]
sing
∼ 1. (61)
Therefore an estimate made with the help of the singlet contribution potentially may have a large uncer-
tainty due to the colour-octet contribution.
3 Phenomenology
In this section we study numerical estimates using only contributions of the colour-singlet operators.
Our aim is to understand how well one can describe the charmonium decays in this case using reliable
estimates for various hadronic parameters.
In our numerical calculations we are using the following nonperturbative input. For the c-quark
mass we take the value mc = 1.5 GeV, for the charmonium states M0 = 3.42 GeV, M1 = 3.51 GeV and
M2 = 3.56 GeV and for the light mesons mρ = 775 MeV, mω = 783 MeV, mφ = 1019 MeV. For the
derivative of the radial wave function we use the value from Ref. [20] computed for the Buchmu¨ller-Tye
potential
|R′21(0)|2 = 0.75 GeV5. (62)
For the description of the light meson matrix elements we use the following values of the decay
constants
fρ = 221 MeV, fω = 198 MeV, fφ = 161 MeV, (63)
which are defined according to Eq.(A.2).
The estimates for the vector meson DAs have been studied in many works, see e.g. Refs. [21–24]. The
leading-order DA is described by the model with one parameter
φV (x, µ) = 6xx¯
{
1 + aV2 (µ)C
3/2
2 (2x− 1)
}
, (64)
For the coefficients aV2 we use the values from Ref. [24]
aρ2 = a
ω
2 = 0.15± 0.07, aφ2 = 0.18± 0.08, (65)
where all parameters are given at the scale µ = 1 GeV.
Using the explicit expressions for the coefficient functions Ti(x) one can easily obtain the values for
the convolution integrals ∫ 1
0
dx φV (x)Ti(x) = Ai + a
V
2 (µh) Bi, (66)
10
γρ γω γφ
χc1 → V‖γ 153.1+18.2+103.7−16.7−70.5 13.6
+1.6+9.2
−1.5−6.3 31.3
+4.2+21.4
−3.8−14.5
χc2 → V‖γ 2.11+0.09+1.3−0.08−0.9 0.19
+0.008+0.12
−0.007−0.08 0.41
+0.02+0.26
−0.02−0.18
Table 2: The obtained values for the Br
[
χc1,2 → V‖γ
]
in units of 10−6.
with
Ai =
∫ 1
0
dx 6xx¯ Ti(x), Bi =
∫ 1
0
dx 6xx¯C
3/2
2 (2x− 1) Ti(x). (67)
Their numerical values read
A1 = 1.32 + 5.46i, A2 = −12.71 + 6.01i , (68)
B1 = 7.00 + 4.79i, B2 = 9.61 + 6.12i. (69)
The transverse amplitudes depend on the twist-3 DAs defined in Eqs.(A.5)-(A.8) in Appendix A. For
the quark-gluon DAs we use the models given in Eq.(A.15) which has been suggested in Refs. [21–23]
. The nonperturbative parameters which enter in these formulas have been taken from Ref. [24] at the
scale µ = 1 GeV:
ρ and ω-mesons : ζ3 = 0.030± 0.010, ωA3 = −3.0± 1.4, ωV3 = 5.0± 2.4, (70)
φ-meson : ζ3 = 0.024± 0.008, ωA3 = −2.6± 1.3, ωV3 = 5.3± 3.0 . (71)
In the following estimates we neglect the small difference for the φ-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).
For the isosinglet mesons ω and φ we have an additional contribution from the three gluon DAs.
Taking into account the conformal expansion and mixing with the quark operators (see details in the
Appendix) we use for them the models given in Eq.(A.17). We assume that the value of the corresponding
local matrix element is small because we expect a very small pure gluon component of the meson wave
function at low scale µ = 1GeV. Hence the constant ωG3 must be much smaller then the corresponding
constants of the quark gluon operators in Eq.(A.18) or
|ωG3 (µ = 1GeV)|  1. (72)
We consider ωG3 as a free parameter and try to estimate its value from the comparison with the data.
The QCD evolution of all the twist-3 parameters is described in Appendix A.
The numerical results also depend on the choice of the hard scale µh. In the following calculations
it is fixed to be µ2h = 2m
2
c if it is not written otherwise. For the total decay rates we used the data
from Ref. [6]: Γtot[χcJ ] = {10.5, 0.84, 1.93}MeV for J = 0, 1, 2, respectively. Finally, in the following
calculations we use the NLO QCD coupling which has the value αs(2m
2
c) = 0.290
We start our discussion from the description of the branching rations Br
[
χcJ → V‖γ
]
because these
observables are largest for χc1 decays. The obtained results are given in Table 2. The first error shows the
sensitivity to the value of the parameter aV2 within the intervals given in Eq.(65). The second error shows
the dependence on µh within the interval mc < µh < 2mc. The corresponding errors are large because the
decay rates are proportional to the fourth power of the QCD coupling Br
[
χc1 → V‖γ
] ∼ α4s(µh). With the
given estimate for R′21(0) the obtained values for Br
[
χc1 → ρ‖γ
]
and Br
[
χc1 → φ‖γ
]
are quite reliable
although the obtained numbers lie somewhat below/above the experimental results given in Table 1.
However, the estimate for Br
[
χc1 → ω‖γ
]
is about a factor of four smaller than the experimental value.
One can also consider, for instance, the ratio Br
[
χc1 → ω‖γ
]
/Br
[
χc1 → ρ‖γ
]
in which the normalisation
ambiguities cancel. If one assumes that the dominant contribution to the amplitudes arises from the terms
associated with u and d-quark components of the electromagnetic current in Eq.(3) then using SU(2)
symmetry one finds that this ratio must be
Br
[
χc1 → ω‖γ
]
Br
[
χc1 → ρ‖γ
] ' 1
9
, (73)
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However the experimental value for this ratio is 0.28 which is about a factor of three larger. The large
difference indicates that the assumption about the small contribution of the c-quark components in Eq.(1)
is not valid. However the longitudinal amplitude in which the photon is emitted from a heavy quark A
‖
Q
can only be generated from a colour-octet operator. The basic idea is that one gluon in the diagram in
Fig.1(c) is ultrasoft while the other two are hard-collinear. These gluons create a light quark-antiquark
pair in the octet state which after interaction with the ultasoft gluon becomes colorless, see also Fig. 7.
In Appendix B we consider such colour-octet matrix element in the Coulomb limit. We obtain that such
contribution behaves as
A
‖
Q ∼ αs(µh)αs(µus) λ2v7. (74)
where we used the fact that αs(µ ∼ mv) ∼ v, provides one more power of v. Following the same
arguments as in Sec.2 we expect that for real charmonium with v ∼ λ this amplitude can be estimated
as
A
‖
Q ∼ αs(µh)λ2v7. (75)
Therefore this amplitude is only suppressed by a factor v compared to the colour-octet amplitude [A
‖
1V ]oct
in Eq.(52). We assume that the interference of this amplitude with the larger amplitudes A
‖
1V and [A
‖
V ]oct
can be responsible for the large ratio in Eq.(73). Perhaps, these contributions strongly enhance the decay
rate of the ωγ channel. One reason could be that the used value of R′21(0) is somewhat large and therefore
this numerically enhances the singlet contribution. In case the realistic value R′21(0) is smaller, then the
relative effect of the colour-octet contribution in the ργ channel must be larger in order to describe the
data. In any case it seems that the contribution of the colour-octet amplitude A
‖
Q must play an important
role in the correct description of the ω‖γ decay mode.
The computed branching ratios for the state χc2 are substantially smaller and they easily satisfy the
experimental constraints. When comparing our results to Ref. [3], we note that our estimates for χc1
shown in Table 2 are about an order of magnitude larger than theirs, while the results for the χc2 decays
are in good agreement.
We next consider the decay rates with transversely polarised mesons in the final state. The numerical
evaluation with arbitrary twist-3 DA parameters (at scale µ = 1GeV) gives
Γ⊥ρ = 222.4 ζ
2
3(−9.82 + 4.78ωA3 + 3.31ωV3 )2, (76)
Γ⊥ω = 181.2 ζ
2
3(−3.3 + 1.4 ωA3 + 8.3 ωV3 + 735.6 ωG3 )2, (77)
Γ⊥φ = 168.7 ζ
2
3(6.5− 3.3 ωA3 + 2.9 ωV3 + 733.6 ωG3 )2, (78)
One can observe that the coefficients in front of the gluon parameter ωG3 are always quite large, hence
even the relatively small values of ωG3 can produce a significant numerical impact. Formally, the large
coefficient in Eqs.(77) and (78) arises due to the large normalization of the twist-3 gluon DA in Eq.(A.17).
The existing data do not allow us to fix the DA parameters in Eqs.(76)-(78) in order to unambiguously
predict the decay widths for χc0,2. From the numerical estimates we observe that there are different
solutions which describe the data for χc1 → V⊥γ decays within the experimental error bars and at the
same time provide very different estimates for the χc0,2 decays. In order to illustrate this let us consider
a few examples. It is convenient to fix the parameters ζ3 and ω
A
3 in accordance with the estimates
in Eq.(70) and to study the possible restrictions on the two remaining constants ωV3 = 5.0 ± 2.4 and∣∣ωG3 ∣∣ < 0.1. The latter inequality must be considered as an assumption. For simplicity, for all final
mesons V we imply the value a2 = 0.22 in the longitudinal amplitudes of χc2 decays. In the following we
consider two fixed values: ζ3 = 0.03 and ζ3 = 0.04. The different possible solutions for these values of ζ3
for a few different values of ωA3 are shown in Fig.5. In the given regions we can describe the data for χc1
satisfying the experimental constraints for the χc0,2 decays. We observe that the strongest restrictions
on the DA parameters are provided by the data for χc1 decay. The restrictions on χc2 decay rates are
relatively weak but also allow us to get some constraints. The computed values for the decay widths of
χc0 are always so small that they do not contradict the experimental restrictions.
In Table 3 we show examples of the different values of parameters and corresponding results for the
branching fractions. Note that we found the values of ωG3 to be always negative, within this approach.
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Figure 5: The numerical restrictions for the DA parameters ωV3 and ω
G
3 at fixed ζ3 and ω
A
3 values
(indicated on the allowed regions in both figures).
χc1 → V⊥γ χc2 → V γ χc0 → V γ
ζ3 ω
A
3 ω
V
3 ω
G
3 ρ ω φ ρ ω φ ρ ω φ
0.03 -2.2 2.8 -0.037 29.6 20.8 4.8 3.4 0.18 2.6 2.0 0.17 0.66
0.03 -4.4 5.9 -0.043 30.0 13.9 8.5 17.2 3.7 6.5 0.40 0.05 0.15
0.04 -2.5 3.7 -0.041 39.2 13.5 6.5 7.1 0.40 5.6 1.9 0.16 0.54
0.04 -3.4 5.1 -0.038 33.2 14.2 6.2 16.3 3.6 6.50 0.62 0.09 0.23
Table 3: The examples of the DA parameters and the corresponding values of branching fractions in units
of 10−6.
We also observe that the twist-3 gluon contribution is critically important for a description of decays
with ω and φ mesons. From the numerical results we find that
Br[χc1 → γρ] > Br[χc2 → γρ] > Br[χc0 → γρ], (79)
and
Br[χc2 → γρ] > Br[χc2 → γφ] > Br[χc2 → γω]. (80)
One can also see that there are solutions for which
Br[χc2 → γφ] ≥ Br[χc1 → γφ]. (81)
The obtained results allow us to conclude that a further progress in our understanding of the radiative
decays would come from a measurement of the branching for the Br[χc2 → γρ]. It will also be interesting
to carry out the corresponding helicity analysis. The estimates in Table 3 show that for the χc2 decays
the transverse branching fraction can be much larger the the longitudinal one; see Eq.(2). The dominant
contribution is provided by the amplitude T⊥2ρ which describes the decay of the charmonium state with
helicity λ = ±2. Hence a prediction for the Br[χc2 → γρ] obtained only from the ρLγ contribution can
strongly underestimate the realistic value of the branching. Notice that for χc1 decay the situation is
opposite: the dominant amplitude is A
‖
1ρ describing the decay of χc1(λ = ±1).
We also see that the used non-perturbative input and DAs models potentially allows one to describe
the existing data for the transverse decays without the colour-octet contributions. If such a scenario
is realised then the radiative decays can be used for a study of the twist-3 wave functions of the vector
mesons. The future data on these decays will be helpful in order to reduce the ambiguities in the presented
description and would allow us to further constrain the role of the various contributions.
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4 Conclusions
In the present paper we studied the radiative decays of the P -wave charmonia χcJ → γV with V = ρ, ω, φ.
The QCD factorisation has been used in a systematic way: NRQCD in the heavy meson sector and a
collinear expansion in order to describe the overlap with light mesons in the final state. The colour-
singlet contributions to all helicity amplitudes have been computed using the light-cone distribution
amplitudes of twist-2 and twist-3. All obtained expressions are well defined at least in the leading-order
approximation. The colour-octet contributions have also been studied in the Coulomb limit in order to
obtain their scaling behaviour.
In order to understand the relevance of the different contributions we performed numerical estimates
of the branching fractions using the colour-singlet approximations for the decay amplitudes. The various
models for the vector meson distribution amplitudes which are available in the literature have been used
in our numerical calculations.
Our results indicate that for the χc1 → γV‖ decay the colour-singlet contributions alone do not allow
to provide a reliable description of all branching fractions. In particular, the branching fraction for γω
final state is about a factor four smaller than the observed value. We expect that the colour-octet matrix
elements play an important role in this case. Qualitatively this conclusion also agrees with the observation
that the ratio of the octet to singlet amplitudes behaves as [A
‖
1V ]octet/[A
‖
1V ]singlet ∼ v2/αs(µ ∼ mc) which
is not so small for charmonia. In addition, the ωγ decay amplitude might be enhanced by the specific
gluonic colour-octet operator which can be responsible for the large ratio of the branching fractions for
ω and ρ mesons. We obtain that the corresponding amplitude is only suppressed by a factor of v in
comparison with the amplitude [A
‖
1V ]octet.
For decays with a transverse meson in the final state the singlet and octet operators contribute to the
same order. Using only the singlet contributions we have shown that one can obtain a good description
of the data but one needs to include the contributions with the three-gluon distribution amplitude which
is quite sizeable in size. This observation may indicate a small color-octet contribution which would
allow one to better constrain the twist-3 DAs of the vector mesons. We expect that future more precise
measurements of the decay rates χc2 → V γ will help to reduce the theoretical uncertainties and further
clarify the role of the various contributions in these reactions.
A Light-cone distribution amplitudes of the vector mesons
Here we briefly describe the properties of various distribution amplitudes which have been used in our
calculations. For simplicity we use here the light-cone gauge
n¯ ·A(z) = 0. (A.1)
The required two-particle light-cone matrix elements read
〈V (p)| q¯(λ1n¯)γµq(λ2n¯) |0〉 = (∗V · n¯)
1
2
nµ
√
2fVmV
∫ 1
0
dx φ
‖
V (x)e
iλ1x(pn¯)+iλ2x¯(pn¯)
+(∗V )µ⊥
√
2fVmV
∫ 1
0
dx gvV (x)e
iλ1x(pn¯)+iλ2x¯(pn¯) (A.2)
〈V (p)| q¯(λ1n¯)γµγ5q(λ2n¯) |0〉 =
1
2
iε[µ, ∗V , p, n¯]
1
2
(λ1 − λ2)
√
2fVmV
∫ 1
0
dx gaV (x)e
iλ1x(pn¯)+iλ2x¯(pn¯), (A.3)
where we neglected the contributions of twist-4. For all operators in this paper we assume an appropriate
flavour structure 〈
ρ0
∣∣ (u¯u− d¯d) |0〉 , 〈ω| (u¯u+ d¯d) |0〉 , 〈φ| s¯s |0〉 . (A.4)
The required three-particle twist-3 matrix elements are given by (recall that p− ≡ (pn¯))
〈V (p)| q¯(λ1n¯)gG˜n¯ν(λ3n¯)/¯nγ5q(λ2n¯) |0〉 = −
√
2fVmV (
∗
V )ν p
2
− A(λip−), (A.5)
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〈V (p)| q¯(λ1n¯)gGn¯ν(λ2n¯)/¯nq(λ3n¯) |0〉 = i
√
2fVmV (
∗
V )ν p
2
− V(λip−), (A.6)
〈V (p)| gdabcGan¯ξ(λ1n¯)Gbξn¯ (λ2n¯)Gcn¯ν(λ3n¯) |0〉 = i
√
2fVmV (
∗)νp3− G(λi), (A.7)
〈V (p)| gdabcGan¯ξ(λ1n¯)G˜bξn¯ (λ2n¯)G˜cn¯ν(λ3n¯) |0〉 = −i
√
2fVmV (
∗)νp3− G˜(λi), (A.8)
where dabc is the fully symmetrical structure constant of the SU(3) colour group and
Gan¯ξ(z) = n¯
αGaαξ(z), G˜
a
n¯ξ =
1
2
εαξµν n¯
αGµν(z). (A.9)
The vector decay couplings fV can be obtained from the leptonic decays. Their explicit values are given
in Eq.(63).
All functions on the rhs of Eqs. (A.5)-(A.8) can be presented as
A(V,G, G˜)(λip−) =
∫
Dαi A(V,G, G˜)(αi)e
i(pn¯)(λ1α1+λ2α2+λ3α3), (A.10)
with the integration measure Dαi defined in Eq.(57).
The properties of the DAs, except the pure gluonic ones, have been discussed in Refs. [21–24]. The
two-particle functions are symmetrical with respect to exchange x↔ x¯ and normalised as
φ
‖
V (1− x) = φ‖V (x), gv,aV (1− x) = gv,aV (x), (A.11)∫ 1
0
dx φ
‖
V (x) =
∫ 1
0
dxgv,aV (x) = 1. (A.12)
The QCD equation of motions and operator identities allow one to express the twist-3 DAs gv,aV in terms
of φ
‖
V and twist-3 functions V and A, see e.g. [22]. Neglecting the three-particle contributions with V
and A one has
gvV (x) =
1
2
∫ x
0
dv
φ
‖
V (v)
v¯
+
1
2
∫ 1
x
dv
φ
‖
V (v)
v
, (A.13)
gaV (x) = 2x¯
∫ x
0
dv
φ
‖
V (v)
v¯
+ 2x
∫ 1
x
dv
φ
‖
V (v)
v
. (A.14)
These expressions are often referred to as the Wandzura-Wilczeck approximation.
The models for the functions V , A have been constructed using the conformal expansion, see details
in Ref. [22]. Corresponding functions include the contributions from local operators with conformal spin
j = 7/2 and j = 9/2 and read
A(αi) = 360ζ3α1α2α
2
3
(
1 + ωA3
1
2
(7α3 − 3)
)
, V (αi) = 540ζ3ω
V
3 α1α2α
2
3(α2 − α1), (A.15)
The quark-gluon operators in our case mix with the pure gluonic ones. Moreover, at the leading-
logarithmic approximation such mixing is possible only for the operators with equal conformal spin.
Hence constructing the models for the gluon DAs G and G˜ we consider only the contributions with the
same conformal spin as for the quark-gluon DAs. From the definitions of the operators in Eqs.(A.7) and
(A.8) one can see that
G(α2, α1, α3) = G(α1, α2, α3), G˜(α2, α1, α3) = −G˜(α1, α2, α3). (A.16)
Using this information and following the arguments as in Ref. [22] one obtains that the conformal ex-
pansion of the function G and G˜ is starting from the conformal spin j = 9/2 and j = 11/2, respectively.
However as soon as contributions with the spin j ≥ 11/2 in V and A have been neglected we assume that
G˜(βi) can also be neglected. Therefore
G(αi) = 5040 ζ3ω
G
3 α
2
1α
2
2α
2
3, G˜(αi) ' 0. (A.17)
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The twist-3 DAs have the following normalization∫
DαiA(αi) = ζ3,
∫
Dαi(α2 − α1)V (αi) = ζ3ωV3 ,
∫
DαiG(αi) = ζ3ω
G
3 . (A.18)
In general, the parameters ζ3 and ω
A,V,G
3 are different for the ρ, ω and φ mesons. For the sake of
simplicity we neglect this difference at low scale µ0 = 1GeV in our numerical calculations and assume
ζ3(1GeV)|ρ = ζ3(1GeV)|ω = ζ3(1GeV)|φ , (A.19)
ωA,V3 (1GeV)
∣∣∣
ρ
= ωA,V3 (1GeV)
∣∣∣
ω
= ωA,V3 (1GeV)
∣∣∣
φ
, (A.20)
ωG3 (1GeV)
∣∣
ω
= ωG3 (1GeV)
∣∣
φ
. (A.21)
Therefore we do not write an additional index associated with the mesonic state assuming that this
information is clear from the context. 1
All distribution amplitude parameters have to be evolved from the low scale µ0 = 1GeV to some hard
scale µ ∼ m. The evolution of the twist-2 coupling aV2 is simple and well known, see e.g. Ref. [21]. The
evolution of the twist-3 DAs is more complicated and we take a closer look at it. The evolution of the
coupling ζ3 (the lowest conformal spin j = 7/2) is also simple and for all mesons one has, see e.g. [23]
ζ3(µ) =
(
αs(µ)
αs(µ0)
)γ00/b
ζ3(µ0), (A.22)
with the anomalous dimension
γ00 = −
1
3
CF + 3CA, (A.23)
and b = 113 Nc − 23nf . As the parameters ωV,A3 are mixing (j = 9/2), we introduce
ω3(µ) =
(
ωA3 (µ)
ωV3 (µ)
)
. (A.24)
For the ρ meson one then has
ρ-meson ω3(µ) =
(
αs(µ)
αs(µ0)
)γˆ(8)/b
ω3(µ0), (A.25)
with the 2× 2 anomalous dimension matrix γˆ(8) which will be given below.
The evolution of the corresponding parameters for the ω and φ is more involved because of mixing
with the gluon coupling ωG3 and due to the flavour mixing. Performing the evolution of the twist-3
parameters ζ3, ω
V,A,G
3 we assume that at low scale µ = 1GeV, ω ∼ (uu¯ + dd¯) and φ ∼ ss¯ and therefore
the matrix elements with s- and u(d)-quarks vanish, respectively. Our results for the evolved couplings
read
ω-meson ω3(µ) =
1√
3
ω
(8)
3 (µ) +
√
2
3
ω
(1)
3 (µ), (A.26)
φ-meson ω3(µ) = −
√
2
3
ω
(8)
3 (µ) +
1√
3
ω
(1)
3 (µ), (A.27)
where
ω
(8)
3 (µ) =
(
αs(µ)
αs(µ0)
)γˆ(8)/b
ω
(8)
3 (µ0),
(
ω
(1)
3 (µ)
ωG3 (µ)
)
=
(
αs(µ)
αs(µ0)
)γˆ(1)/b(
ω
(1)
3 (µ0)
ωG3 (µ0)
)
, (A.28)
1 Let us also mention that the indices V and A for ωA,V3 are related with the Dirac structure of the quark-gluon operator.
16
with the appropriate initial conditions
ω-meson ω
(8)
3 (µ0) =
1√
3
ω3(µ0), ω
(1)
3 (µ0) =
√
2
3
ω3(µ0), (A.29)
φ-meson ω
(8)
3 (µ0) = −
√
2
3
ω3(µ0), ω
(1)
3 (µ0) =
1√
3
ω3(µ0). (A.30)
The anomalous dimension matrices in Eqs.(A.25) and (A.28) read
γˆ(8) =
(
γAA − γ00 γAV
γV A γV V − γ00
)
, γˆ(1) =
 γAA − γ00 γAV 0γV A γV V − γ00 563 γV G
0 − 356γGV γGG − γ00
 . (A.31)
The values of γij are related with the renormalisation of the corresponding operators. Their values have
been obtained from the evolution kernels computed in Ref. [25]:
γAA =
1
4
CF +
25
6
CA, γAV = −
3
4
CF +
1
2
CA, (A.32)
γV A = −
7
4
CF +
7
6
CA, γV V =
31
12
CF +
13
6
CA, γV G = −
nf
3
, (A.33)
γGV =
8
3
(8CF − 3CA) , γGG=3CA +
2
3
nf . (A.34)
We have checked that Eq.(A.25) describing the evolution of the ρ-meson DAs is in agreement with the
expression given in Ref. [23].
B Colour-octet corrections in the Coulomb limit
In this section we consider various colour-octet contributions which potentially can provide a sizable
correction to the amplitudes derived in the previous sections. The relevance of the colour-octet mechanism
in decays of P -wave charmonia has been discussed in various papers, see e.g. Refs. [8–10]. In this
appendix we only focus on decays χc1 → V γ since the corresponding branching rates are already known
from experiments.
We start our discussion from the longitudinal amplitude A
‖
1V which is suppressed by α
2
s. In this case
the large correction can be generated by the ultrasoft region where one of the gluons in the diagram in
Fig.2 is ultrasoft. Although such contribution might be suppressed by a small factor v2 the corresponding
hard kernel is of order αs. In order to simplify our discussion we consider the Coulomb limit when mv
2 
Λ. In this case the scales v and λ are well separated v2  λ2 and the charmonium state can be considered
as a perturbative Coulomb state.
The simplest way to obtain the subleading amplitude
[
A
‖
1V
]
oct
∼ αs(µ)v6 is just to consider the
ultrasoft limit k ∼ mv2 in Eq.(32) and to expand the integrand with respect to small momentum k. In
the effective theory such a limit can be associated with the integration over soft gluons with momenta
ks ∼ mv. This reduces the description of the heavy quark sector to potential NRQCD (PNRQCD) [26–30].
Schematically, the factorisation can be described in the following way. First we integrate over hard modes
and obtain the effective theory which consists of two sectors: nonrelativistic associated with the heavy
quarks and collinear associated with collinear light particles. The effective Lagrangian is given by the
sum of the NRQCD and SCET-I(v) Lagrangians. The latter describes the interactions of the ultrasoft
kus ∼ m(v2, v2, v2) and hard-collinear particles with momenta phc = (n¯ · phc, n · phc, p⊥hc) ∼ m(1, v2, v).
At the next step we integrate out the soft gluon modes ( kµs ∼ mv) in NRQCD reducing it to PNRQCD
. To proceed further we integrate over the hard-collinear particles phc ∼ m(1, v2, v) and over ultrasoft
modes kus ∼ m(v2, v2, v2) which are still perturbative degrees of freedom. After that we reduce our
description to the effective Lagrangian with λ-collinear particles with momenta pc ∼ m(1, λ4, λ2). Only
these degrees of freedom can describe an overlap with the external collinear hadronic states.
In the following we are not going to build a detailed approach for the description of the colour-octet
contributions. Our task is rather modest: we would only like to demonstrate the existence of the colour-
octet contributions with a certain power behaviour. For that purpose we do not need to perform all
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Figure 6: The diagram describing the colour-octet mechanism in the effective theory. Gc is the octet
propagator in PNRQCD. The hard gluon is shown by a red curly line. The crossed circle denotes the
vertex of the octet operator (B.1).
required matching calculations in the framework of effective theory. Instead, we are going to proceed as
follows. We assume that the annihilation of heavy quarks to a hard gluon is described by simple hard
vertex graph and this gives the NRQCD colour-octet operator
O8(3S1) = χ†ωγβ>T aψω. (B.1)
The further calculations in the heavy quark sector will be carried out within the PNRQCD framework.
The subprocesses associated with hard and hard-collinear scattering will be computed just by expansion
with respect to the small ultrasoft momentum of the corresponding subgraph in QCD. In other words in
these sectors we apply the technique known as expansion by regions [28, 31]. This allows us to avoid a
detailed discussion of the SCET formalism and the corresponding matching calculations. The structure
of the resulting diagram is shown in Fig.6. The corresponding analytical expression reads
iε[χ, 
∗
γ , p, q] (
∗
V · ω)
mV
M21
[
A
‖
1V
]
oct
= 2(∗V · ω)QV
√
2 fV mV
∫ 1
0
dx φV‖ (x)
×
∫
dk
(−i)2 Tr[PV Dαβq ]
[k2] [4m2]
√
M
Nc
∫
d3∆
(2pi)3
√
3
4pi
R˜21(|∆|)1
4
Tr
[
P1(1− ω)DQαβ(E,∆>, k)(1 + ω)
]
, (B.2)
where Dαβq denotes the subgraph with hard and hard-collinear interactions between light quarks and
photons, the indices α and β are associated with the gluons ( ultrasoft and hard). In full QCD it is
described by the same expression as in Eq.(36). Now we assume that the gluon momentum k is ultrasoft
and Dq must be expanded in k. The second trace with subgraph D
Q describes the heavy quark sector in
PNRQCD and R21(|∆|) is the Coulomb radial wave function in momentum space, see e.g. [10],
R˜21(|∆|) = −iR′21(0)
1024piγB |∆|(
4∆2 + γ2B
)3 , γB = 12mcαsCF . (B.3)
Many technical details have already been discussed in the literature (see e.g. Refs. [10,13,32]); therefore
we do not describe them here. The P -wave projector reads
P1 = 1
2
√
2
∆σ>
|∆>|
[
γσ, /χ
]
γ5. (B.4)
The analytical expression for the DQαβ in Eq.(B.2) is given by
DQαβ(E,∆>, k) =
∫
d3∆′
(2pi)3
[
V β,bO
]
iG(8)c [∆
′
>,∆> + k>, E + (kω)]
[
V α,ag
]
, (B.5)
where V ρ,aO and V
α,b
g denote the operator and ultrasoft gluon vertices, respectively. For the colour-octet
Coulomb Green function G
(8)
c we use the simplified expression suggested in Ref. [10]
iG(8)c [∆
′
>,∆> + k>, E + (kω)] '
(−i)
E + (kω) + ∆2>/m+ iε
(2pi)3δ(∆′> −∆>). (B.6)
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The ultrasoft gluon vertex Vg is generated by the chromoelectric dipole interaction in the effective PN-
RQCD Lagrangian
Lint = g
∫
d3x S†ω(x)
[
~x · ~E(t, 0)
]
Oω(x), (B.7)
where Sω and Oω denote the quark-antiquark singlet and octet fields, respectively, see e.g. [13]. In
momentum space this gives
DQαβ(E,∆>, k) =
[
igT bγ>β
]
VO
[
gT a {ωαk>λ − g>αλ(ωk)} ∂
∂∆λ>
]
Vg
(−i)
[E + (kω) + ∆2>/m+ iε]
=
[
igT bγ>β
]
VO
gT a {ωαk>λ − g>αλ(ωk)} (−2)
m
i∆λ>
[E + (kω) + ∆2>/m+ iε]
2 . (B.8)
The trace in Eq.(B.2) yields
1
4
Tr
[
P1(1− ω)DQαβ(E,∆>)(1 + ω)
]
=
δab
2
g {ωαk>λ − g>αλ(ωk)}
[E + (kω) + ∆2>/m+ iε]
2
2
m
1√
2
∆λ>∆
σ
>
|∆>| iε[ωχσβ], (B.9)
and we obtain ∫
d3∆
(2pi)3
R˜21(|∆|)1
4
Tr
[
P1(1− ω)DQαβ(E,∆>, k)(1 + ω)
]
= −δ
ab
√
2
g
3m
∫
d3∆
(2pi)3
|∆|R˜21(|∆|) iε[ωχσβ] {ωαk
σ
> − (g>)σα(ωk)}
[E + (kω) + ∆2>/m+ iε]
2 , (B.10)
where we used rotational invariance in order to rewrite ∆λ>∆
σ
> → −|∆|2gλσ> /3. Substituting this into
Eq.(B.2) and computing the colour trace we obtain
iε[χ, 
∗
γ , p, q] (
∗
V · ω)
mV
M21
[
A
‖
1V
]
oct
= (∗V · ω)QV
ifVmV
m3
√
M
Nc
√
3
4pi
CF
6pi2
αs(µh)αs(µus)
×
∫ 1
0
dx φV‖ (x)
∫
d3∆
(2pi)3
|∆|R˜21(|∆|)
∫
d4k
Tr[PV Dαβq ]
[k2]
iε[ωχσβ]g {ωαkσ> − (g>)σα(ωk)}
[E + (kω) + ∆2>/m+ iε]
2 ,(B.11)
where the Lorentz indices α and β correspond to the ultrasoft and hard (i. e. colour-octet operator)
gluon respectively. The expansion of the light quark term Tr[PV Dq] is carried out by expanding the
hard-collinear and hard propagators to the next-to-leading order
(pi + k)
[(pi + k)2]
' /pi
[2(kpi)]
+
/k
[2(kpi)]
− k
2
[2(kpi)]
2 , (B.12)
/pi + /q + /k[
(pi + q + k)
2
] ' ( /pi + /q)
[2 (piq)]
+
/k
[2 (piq)]
− ( /p2 + /q)
[2 (piq)]
2k(p+ q)
[2 (piq)]
, (B.13)
where pi = {xp, x¯p}. The result can be written as
Tr[PV Dαβq ] '
1
[8m3]
1
[(kp)]
(
pβ
{
pα(εγk)− εαγ (kp)
} 2
x
+qβ
{
(εγk)p
α − (kp)εαγ
} 1− 2x
2x2
+ εβγ {(kp)qα − pα(kq)}
3− 2x
2x2
+
[
(pq)
{
εαγk
β − gαβ(εγk)
}
+ pβ
{
qα(εγk)− εαγ (kq)
}] 1 + 2x
2x2
)
+ (x→ x¯) .(B.14)
Notice that this expression vanishes if it is contracted with the ultrasoft gluon momentum kα,
kαTr[PV Dαβq ] = 0, (B.15)
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as it is required by the gauge invariance. Substituting this into Eq.(B.11) and performing contractions
of the Lorentz indices we obtain[
A
‖
1V
]
oct
∼ αs(µh)αs(µus)
fVM
2
1
m6
√
M1
∫ 1
0
dx
φV‖ (x)
x
∫
d3∆
(2pi)3
R˜21(|∆|)|∆| Jus, (B.16)
with
Jus =
∫
dk
1
[k2] [E + (kω) + ∆2>/2m+ iε]
2
{
3
2x
(kn¯)− 2(kω)− 2(kn¯)
}
. (B.17)
From this result one can easily get the scaling behaviour of the colour-octet amplitude. The power of λ
is again provided by the leading twist operator in Eq.(39). The power of velocity v can be obtained from
Eq.(B.16) using that ∆ ∼ mv, k ∼ mv2 and R˜21(|∆|) ∼ v0. This gives[
A
‖
1V
]
oct
∼ αs(µh)αs(µus) v6λ2. (B.18)
The expression for the amplitude in Eq.(B.16) includes the divergent collinear convolution integral
∫ 1
0
dx
φV‖ (x)
x2
=
[
φV‖ (0)
]′ ∫ 1
0
dx
x
+
∫ 1
0
dx
φV‖ (x)− x
[
φV‖ (0)
]′
x2
, (B.19)
where it was used that φV‖ (x) − x
[
φV‖ (0)
]′ x→0∼ O(x2). This indicates that there must be one more
term which can be associated with the endpoint region where the collinear fraction x is small. Such
contribution can be obtained in SCET-I(v) if we consider appropriate configuration for Dq where the
outgoing quark-antiquark is not collinear as before but consists of the v−ultrasoft quark (pq ∼ mv2) and
collinear antiquark fields. In the Coulomb limit such a pair corresponds to the configuration when the
collinear fraction of the outgoing quark is small x ∼ v2 but still large compared to the nonpertubative
QCD scale
x ∼ v2  λ2 ∼ Λ/m. (B.20)
The v−ultrasoft quark field can be matched onto λ-collinear field with the small collinear fraction. Hence
the corresponding matrix element still can be understood as λ−collinear matrix element in the region
where λ x 1 and therefore it can be computed in terms of light-cone DA which must be expanded
with respect to x in order to avoid large power of scale v. A similar situation has been considered in
Ref. [10]. In the present case the computation of the corresponding colour-octet contribution is very
similar to the one carried out above, only the expansion of the light quark part Dq is different. Now one
has to take into account that
xp ∼ kus ∼ v2. (B.21)
This allows one to expand the meson DA:
φV‖ (x) = x
[
φV‖ (0)
]′
+O(v4). (B.22)
The amplitude now reads
iε[χ, 
∗
γ , p, q] (
∗
V · ω)
mV
M21
[
A
‖
1V
]
oct, endp
∼ (∗V · ω) fVmV
1
m3
√
M
×
∫
d3∆
(2pi)3
R˜21(|∆|)|∆|
∫ η
0
dx x
[
φV‖ (0)
]′ ∫
dk Tr[PVDαβq ]
iε[ωχλβ]
{
ωαk
λ
> − (g>)λα(ωk)
}
[k2] [E + (kω) + ∆2>/m+ iε]
2 , (B.23)
where we introduce explicitly the regularisation cutoff η which restricts the collinear fraction x to be
small. A similar regularisation must also be implied for the IR-divergent integral in Eq.(B.16). The
expanded light quark trace reads
Tr[PVDαβq ] '
Tr
[PV γα(xp+ k)∗γqγβ][
(xp+ k)
2
]
[2q(xp+ k)]
+
Tr
[PV ∗γqγαqγβ]
[2x(pq)] [2q(xp+ k)]
+
Tr
[PV ∗γqγβ(−p)γα]
[2x(pq)] [2(kp)]
. (B.24)
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Figure 7: The diagrams describing the colour-octet mechanism in the vector meson production. (a) An
example of the diagram with gluons in the intermediate state. The red lines show the hard and hard-
collinear particles in SCET-I(v). The dotted lines in the grey boxes denote Coulomb gluon exchanges.
(b) The diagrams describing the hard matching. (c) The diagram in the effective theory describing the
matrix element G
‖
V in Eq.(B.29) .
This gives
Tr[PVDαβq ] ∼ v−4. (B.25)
Hence taking into account that dx x ∼ v4 we get[
A
‖
1V
]
oct, endp
∼ αs(µh)αs(µus)v6λ2, (B.26)
i.e. the endpoint amplitude is of the same order as the colour-octet term in Eq.(B.16). We expect that
the regularisation scale η cancels in the sum of the contributions in Eqs.(B.16) and (B.23). The check
of this statement can be done by explicit calculation but such consideration is beyond the scope of the
present work.
Even if the the colour-octet mechanism described above is sufficiently large it cannot explain the large
ratio Br[χ1c → ω‖γ]/Br[χ1c → ρ‖γ]. It is natural to expect that for an isosinglet meson there could be
a specific, relatively large contribution which can explain the enhancement of the ratio. Such mechanism
can be related with the contribution which involves the heavy quark term of the electromagnetic current
in the definition of the amplitude Eq.(3). In this case the light meson state is produced through the
interaction of collinear and soft gluons. In order to have minimal power of λ the gluons couple to
collinear quarks. The corresponding diagrams are shown in Fig.7(a). The hard subprocess describes the
annihilation of a heavy quark-antiquark pair into a photon and two hard-collinear gluons in an octet
state; see Fig.7(b). Performing the hard factorisation one obtains
〈V (p)| ∗γ · JQ(0) |χc1(P )〉 = iε[χ, ∗γ , p, q] (∗V · ω)
mV
M21
iA
‖
Q, (B.27)
iA
‖
Q = eeQ
piαs(µh)
2m4
∫ 1
0
dτ
1
τ τ¯
G
‖
V (τ), (B.28)
where τ is the collinear fraction of the gluon momenta and the function G
‖
V (τ) is defined as the matrix
element of the following colour-octet operator
iε[χ, 
∗
γ , p, q] (
∗
V · ω)
mV
M21
GV‖ (τ) =
p−
∫
dλ
pi
e−iλp−(2τ−1) σ∗γ 〈V (p)|T
{
Oσ8 (
3S1)d
abcGaµn¯ (λn¯)G
b
n¯µ(−λn¯)
} |χc1(P )〉 , (B.29)
where p− ≡ (pn¯) and for simplicity, we do not show the Wilson lines in the hard-collinear gluon operator
( Gµν is the gluon strength tensor), using the notation of Eq.(A.9). In the Coulomb limit this matrix
element can be computed in the similar way as it was discussed above; see Fig.7(c). We will not repeat
the details and provide the complete analytical expression (up to irrelevant constants)
〈V (p)| ∗γ · JQ(0) |P 〉 ∼ (∗V · n¯) eeQ
√
M
fVmV
m5
αs(µh)αs(µhc)αs(µus) (B.30)
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Figure 8: The light quark subdiagrams describing the function Σq in Eq.(B.32).
×
∫
dxφV‖ (x)
∫ 1
0
dτ
τ τ¯
∫
d3∆
(2pi)3
R21(|∆|)||∆|
∫
d4k
(2pi)4
DαG(k)
iε[ωχλ
∗
γ ]
{
ωαk
λ
> − (g>)λα(ωk)
}
[k2] [E + (kω) + ∆2>/m+ iε]
2 , (B.31)
where the subdiagram DG describes the gluon loop and interaction of the ultrasoft gluon with collinear
quarks. The corresponding expression reads
DαG(k) =
∫
dDl
V βσgg (l)Tr
[PV Σαβσq ]
[l2] [(p+ k − l)2] , (B.32)
with the gluon operator vertex
V βσgg '
{
l−(p− − l−)gβσ⊥ − (p− − l−)lσ⊥n¯β + l−lβ⊥n¯σ + l2⊥n¯βn¯σ
}
δ(l−/p− − τ). (B.33)
In the expression for the light quark part Tr[PV Σq] we are projecting the outgoing quark-antiquark pair
to the twist-2 collinear operator which yields the meson DA φV‖ (x), and we expand the resulting QCD
expression with respect to small v-ultrasoft momentum k. For the hard-collinear gluon loop momentum
l we assume
l− ∼ v0, l+ ∼ v2, l⊥ ∼ v. (B.34)
The analytical expression for Σq can be obtained from the corresponding QCD diagrams by expansion
with respect to ultrasoft momentum k, see Fig.8. One obtains that the leading-order term scales as
V βσgg (l)Tr
[PV Σαβσq ] ∼ v0. (B.35)
Performing an expansion with respect to k one finds that individual diagrams have the terms of order
v−2 which appear from the graphs where the ultrasoft photon is attached to the external quark lines.
However such contributions cancel because of colour neutrality of the outgoing quark-antiquark pair.
This means that the interaction of the ultrasoft gluon with hard-collinear quarks is described by the
subleading interactions in the SCET-I(v) Lagrangian. The analytical result for to the trace in Eq.(B.35)
is somewhat lengthy and we will not write it here. Using the estimate (B.35) one finds that
DG(k) ∼ v0, (B.36)
and using this in Eq.(B.30) one obtains
〈V (p)| ∗γ · JQ(0) |P 〉 ∼ A‖Q ∼ αs(µh)αs(µhc)αs(µus) λ2v6. (B.37)
This estimate is only suppressed by the hard-collinear coupling αs(µhc) compared to the estimate of the
colour-octet amplitudes in Eqs. (B.18) and (B.26). Taking into account that the hard-collinear scale
µhc ∼ mv we obtain αs(µhc) ∼ v . Therefore
A
‖
Q ∼ αs(µh)αs(µus) λ2v7. (B.38)
We next discuss the colour-octet contribution in the amplitude with a transverse meson. In this case
we consider the diagram as in Fig.6 projecting the two-quark state to the twist-3 DA. In the general case
one has to consider two- and three-point matrix elements which depend on all possible DAs. For simplicity
we only consider the two-point matrix elements and pick up the so-called Wandzura-Wilzcek contribution
which is completely determined by the leading twist DA φV‖ . The description of the corresponding matrix
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element and corresponding twist-3 DAs can be found in Appendix A. The heavy quark part in this case
is the same as in Eq.(B.11); therefore we can write
iε[∗V , 
∗
γ , p, q] (χ · q)
1
M21
[
A⊥V
]
oct
∼ fV mV
m3
αs(µh)αs(µus)
√
M
×
∫
d3∆
(2pi)3
|∆|R˜21(|∆|)
∫ 1
0
dx
∫
d4k
Tr[Ptw3V Dαβq ]
[k2]
iε[ωχσβ]g {ωαkσ> − (g>)σα(ωk)}
[E + (kω) + ∆2>/m+ iε]
2 , (B.39)
where the integral over dx denotes the integral over the collinear fraction of the outgoing quarks. The
twist-3 projector reads
Tr[Ptw3V Dαβq ] =
{
gvV (x)(ε
∗
V )σ⊥ +
∫ x
0
du
[
gvV (u)− φ‖V (u)
]
pσ(ε
∗
V )
ρ
⊥
∂
∂pρ⊥
}
1
4
Tr
[
γσDαβq
]
−1
4
ga ′V (x)
1
8
Tr [γ5γ
σε/∗V /n/¯n]
1
4
Tr
[
γσγ5D
αβ
q
]∣∣∣∣
p⊥=0
, (B.40)
where ga ′V (x) = dg
a
V (x)/dx. The expression for Dq is given in Eq.(36) but external quark momenta p1,2
now have transverse components
p1 = x1p+ p⊥, p2 = x2p− p⊥. (B.41)
The explicit expressions for twist-3 DAs gvV and g
a
V are given in Eqs.(A.13) and (A.14). Computing the
trace and expanding with respect to small k one obtains
1
4
Tr[Ptw3V Dαβq ] '
1
4
Tr
[
6 ∗V γα⊥γβ⊥ 6 ∗γ
]
[−2(pk)]
{
1
2x¯2
∫ 1
x
dv
φ(v)
v
− 1
x¯
1
4
ga ′V (x) + (x→ x¯)
}
. (B.42)
The dominant contribution arises from the diagrams with soft gluon emission from external quark lines.
For the twist-3 case such contributions do not cancel because of the off-shellness of the external particles.
Substituting (B.42) into Eq.(B.39) gives
[
A⊥1V
]
oct
∼ fVmVM
2
1
m7
αs(µh)αs(µus)
√
M1
∫ 1
0
dx
{
1
2x¯2
∫ 1
x
dv
φ(v)
v
− 1
x¯
1
4
ga ′V (x) + (x→ x¯)
}
×
∫
d3∆
(2pi)3
|∆|R˜21(|∆|)
∫
d4k
(ωk)
[k2] [−(kn)] [E + (kω) + ∆2>/m+ iε]2
. (B.43)
From this expression one finds the following estimate[
A⊥1V
]
oct
∼ αs(µh)αs(µus)λ4v4. (B.44)
Let us also note that the collinear integrals in Eq.(B.43) have the endpoint singularities that can be easily
seen using an explicit expression for the functions ga,vV . Therefore in this case one also has to include
endpoint contributions which will not be considered here.
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